
Topic 1: Separable equations

1. Find a solution to the IVP

{
y′ = sin(x)y−2x2y
y(0) = 5

2. Suppose a salt solution containing .25 kilograms (kg) of salt per liter (L) runs into a tank initially filled with
200 L of water initially containing 5 kg of salt. Also suppose the brine enters at 8 L/min, the mixture is kept
uniform by stirring, and the mixture flows out at the same rate. Let A(t) denote the kg of salt in the tank after
t min. The function A(t) satisfies the following differential equation.

dA
dt

= 2− 1
25

A.

a) What is the value of A(0)?

b) Find the function A(t).



Topic 2: Linear equations

1. a) Find a solution to the IVP

{
y′−2y = x4e2x

y(0) = 2

b) Find the general solution to
dy
dx

=
y
x
+2x+1 for x > 0.



Topic 3: Exact equations

1. a) Is the following differential equation an exact equation? Justify your answer.

(x4 cos(y)+ yexy)dy+(4x3 sin(y)+ xexy)dx = 0

b) Find an implicit solution for (text +2xt)dx+(xext + x2 + t)dt = 0.



Topic 4: Homogeneous linear equations

1. a) Find the auxiliary equation (aka characteristic equation) and the general solution for 7y′′− y = 0.

b) Find the solution to the IVT


y′′+3y′−4y = 0
y(0) = 1
y′(0) =−1



Topic 5: Auxiliary equations with complex roots

1. a) Find the solutions to the IVT


y′′−4y′+5y = 0
y(0) = 4
y′(0) = 2

b) Consider the equation
ay′′+ y′+ y = 0

where a is constant satisfying a > 1
4 . Find two linearly independent solutions y1 and y2 to the equation.

Compute the following limits, if they exist. Be sure to justify your answer.

lim
t→∞

y1(t) = lim
t→∞

y2(t) =



Topic 6: The superposition principle and undetermined coefficients

1. Complete the following steps to find the general solution to y′′−3y′+2y = 5−2t−2t2.

a) Use the method of undetermined coefficients to find a particular solution to y′′−3y′+2y = 5−2t−2t2.

b) Find the general solution to the associated homogeneous problem y′′−3y′+2y = 0.

c) Use the solutions to a and b and the superposition principle to find the general solution to
y′′−3y′+2y = 5−2t−2t2.



Topic 7: Variation of parameters

1. Complete the following steps to find a particular solution to y′′− y = e−2t + e2t .

a) Find the general solution to the related homogeneous equation y′′− y = 0.

b) Compute the Wronskian associated to the equation y′′− y = 0.

c) Use variation of parameters to find a particular solution to y′′− y = e−2t + e2t .



Topic 8: Variable coefficient equations

1. Complete the following steps to find a particular solution to t2y′′+3ty′−3y = 1− t2.

a) Find the solutions to t2y′′+3ty′−3y = 0.

b) Find the Wronskian associated to t2y′′+3ty′−3y = 0.

c) Use parts a and b and variation of parameters find a particular solution to t2y′′+3ty′−3y = 1− t2.



Topic 9: Free mechanical vibrations

1. The motion of a mass-spring system with damping is given by

y′′+2y′+
5
4

y = 0.

a. Find the general solution y(t) to this system.

b. Given any non-zero initial conditions for the system, how many local extrema does y(t) have? Justify your
answer.



Topic 10: Linearization of nonlinear equations

1. Consider the non-linear differential equation
dy
dx

= 2y+ cos(y)−1.

a) Find the linearization of
dy
dx

= 2y+ cos(y)−1 at y = 0.

b) Find the solution to the linearization in part a) with initial condition y(0) = .05.

c) Is it reasonable to use the linearization from part b with initial condition y(0) =−15? Explain why or why
not.



Topic 11: Solving IVP with the Laplace transform

1. Complete the follow steps to find the solution to the IVP


y′′+2y′−3y = 2e5t

y(0) = 0
y′(0) = 0

a) Compute the Laplace transform of both sides of y′′+2y′−3y = 2e5t and solve for L [y](s) in terms of s.

b) Compute the inverse Laplace transform of the equation from part a to solve


y′′+2y′−3y = 2e5t

y(0) = 0
y′(0) = 0

.



Topic 12: Laplace transform on discontinuities and periodic functions

1. Consider the IVP


y′′+9y = (t−2)u(t−2)
y(0) = 1
y′(0) = 3

, where u(t) =
{

0 t ≤ 0
1 t > 0

. Use the Laplace transform

to write this IVP as an equation involving L [y](s). In other words, solve for L [y](s) in terms of s. Do not worry
about applying the inverse Laplace transform to find the actual solution y(t).



Topic 13: Power series, analyticity, and power series solutions to linear equations

1. a) Find the interval of convergence for each for
∞

∑
n=0

n2

3n+1 (x−4)n

b) Find a series solution to the IVT


y′′+5xy′− y = 0
y(0) = 1
y′(0) = 1

Hint: Start by assuming y =
∞

∑
n=0

anxn, use the initial conditions to compute a0, a1, and use the differential

equation to find a recursive formula to find an+2 in terms of an+1 and an for n≥ 0.



Topic 14: Fourier series

1. Answer the following questions pertaining to Fourier series.

a) Find the Fourier series for f (x) = x on (−π,π).

b) Suppose f (x) is a continuous even function on [−π,π] and that the Fourier series for g(x) = x · f (x)
converges on [−π,π]. What can be said about the Fourier coefficients of g(x)? Be sure to use the fact that
f (x) is even to conclude something about the Fourier coefficients of g(x), and justify your answer.


