
Math 5070 - Elementary Analysis
5:30pm-7:20pm, TR, 35 STAT

Section 2, Winter 2015

The following is a list of main topics for the mastery-based testing policy. Topics 1-16 will be tested on
the in-class exams; 1-4 on Exam 1, 5-8 on Exam 2, 9-13 on Exam 3, and 14-16 on Exam 4. Following the
list of topics is a brief description of what is included in each topic and a description of what will be tested on
for each topic.

Topic Group 1:

1. Logical constructs

2. Proof techniques

3. Properties of real numbers and functions

4. Convergence of sequences

Topic Group 2:

5. Monotone convergence, limsup, and liminf

6. Cauchy sequences

7. Limits of functions

8. Limit theorems

Topic Group 3:

9. Continuity/discontinuity of functions

10. Properties of continuous functions

11. Differentiability of functions

12. Properties of differentiable functions

13. The mean value theorem

Topic Group 4:

14. Riemann integrals and integrable functions

15. Properties of Riemann integrals

16. Integration and differentiation: the Fundamental Theorem of Calculus
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Topic Group 1:

1. Logical constructs: Chapter 1 of the supplementary text An Introduction to Logic and Proof Techniques.

– An understanding of what a statement is and truth values.

– The meaning and use of standard logical symbols (∨, ∧, ¬, ⇒, ⇔, ∀, ∃). Note that the supple-
mentary text uses the symbols → and ↔ where I use ⇒ and ⇔. I will accept either on exams
as long as they are used appropriately.

– The meaning of contrapositive and converse of an implication. The text also talks about inverse,
but I will not test on the meaning of inverse of an implication.

– Translate between statements (written or spoken) and logically quantified statements.

– Symbolic manipulations (aka algebraic properties) of logical operators. This includes how to
negate statements involving ∀, ∃, ∨, and ∧, distributive properties of ¬, ∨, and ∧, etc.

2. Proof techniques: Sections 2.4, 2.5, 2.7, 2.9, and 2.10 in Chapter 2 of the supplementary text An
Introduction to Logic and Proof Techniques.

– Prove statements by direct proof, indirect proof (aka proof by contrapositive), proof by contradic-
tion, and proof by induction.

– Prove quantified statements with “stacked quantifiers.” That is, statements of the form

∀ x, ∃ y such that P(x,y) and ∃ x such that ∀ y P(x,y).

3. Properties of real numbers and functions: Sections 1.1, 1.2, 1.7, and 1.8.

– Definition of union and intersection of sets, set difference, equality of sets, subset, etc.

– Definitions of sup and inf of sets of real numbers and the axiom of completeness.

– Definitions of function, domain, range, one-to-one (or injective), onto (or surjective), bijection,
increasing, decreasing, monotone, absolute value, etc.

– Field and order axioms.

– Be able to work with all of these definitions and axioms. Understand how they fit into the logical
axiomatic structure of mathematics.

4. Convergence of sequences: Sections 2.1-2.3.

– Definition of convergent sequence and how to prove/disprove convergence of a given sequence.

– Know the limit theorems listed in Theorem 2.2.1, Theorem 2.2.6, and Theorem 2.2.7.

– Prove relatively uncomplicated theorems (proofs that involve standard analysis techniques) in-
volving convergent sequences, e.g. Theorem 2.1.9, Theorem 2.1.11, or parts (a)-(c), (f) of Theo-
rem 2.2.1.

– Definition of a sequence diverging to infinity. Be able to prove/disprove divergence to infinity.

Topic Group 2:

5. Monotone convergence, limsup, and liminf: Sections 2.4 and 2.6.
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– Definition of monotonic sequence, increasing sequence, decreasing sequence, subsequence,
bounded, limsup, liminf, etc.

– Be able to compute liminf and limsup.

– Know and be able to apply the monotone convergence theorem (Theorem 2.4.4) and the Bolzano-
Wierstrass theorem (Theorem 2.6.4).

– Prove relatively simple statements involving sequences, subsequences, limsup, liminf, etc. For
example, see Theorem 2.6.5.

6. Cauchy sequences: Section 2.5.

– Definition of accumulation point and Cauchy sequence.

– Know and be able to apply the Cauchy convergence criterion (Theorem 2.5.9).

– Be able to prove/disprove a sequence is Cauchy.

7. Limits of functions: Sections 3.1-3.3.

– Definitions of limits of functions (including one sided limits) at a number and at infinity.

– Be able to compute limits and prove that they exist.

8. Limit theorems: Sections 3.1-3.3

– Be able to use the definition of limit and the limit theorems in Theorem 3.1.7 to prove statements
about limits.

– Be able to use these continuity properties in conjunction with common themes in the course, e.g.
convergence of sequences, sup, inf, limsup, liminf, etc.

Topic Group 3:

9. Continuity/discontinuity of functions: Sections 4.1 and 4.2.

– Know the definition of and be able to prove continuity/discontinuity of a function.

– Be familiar with typical examples of continuous and discontinuous functions.

10. Properties of continuous functions: Sections 4.1-4.3.

– Definition of open/closed sets, and properties of continuous functions acting on open/closed sets.

– Know and be able to use Theorem 4.1.8, Theorem 4.1.9, Theorem 4.3.5 (the extreme value theo-
rem), and Theorem 4.3.6 (the intermediate value theorem) to prove statements about continuous
functions.

11. Differentiability of functions: Section 5.1.

– Know the definition of the derivative and be able to compute derivatives using the definition. You
should be able to compute this for polynomials, rational functions, and algebraic functions, as well
as problems like finding the derivative of x2 sin(1/x) at x = 0, for instance.

12. Properties of differentiable functions: Sections 5.1 and 5.2.
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– Know and be able to use Theorem 5.2.1, Theorem 5.2.3, and Theorem 5.2.5.

– Be able to prove statements about derivatives using the definition, for example be able to prove
Theorem 5.2.1.

13. The mean value theorem: Sections 5.3.

– Know and be able to apply Rolle’s theorem (Theorem 5.3.1) and the mean value theorem (Theo-
rem 5.3.3).

– Know typical examples associated to the mean value theorem, e.g. give an example that demon-
strates why f is differentiable on (a,b) must be an assumption in the mean value theorem.

Topic Group 4:

14. Riemann integration and integrable functions

– Know the definition of partition, upper/lower Riemann integrals, the Riemann integral, a Riemann
integrable function, etc.

– Prove basic properties about Riemann integrals and Riemann integrable functions using the def-
initions.

– Know and be able to use Theorem 6.2.1, Theorem 6.2.2, and Theorem 6.2.4 to prove statements
about integrals.

15. Properties of Riemann integrals

– Know and be able to use Theorem 6.3.1, Theorem 6.3.2, and Theorem 6.3.3 to prove statements
about integrals.

16. Integration and differentiation: the Fundamental Theorem of Calculus

– Know and be able to use Theorem 6.4.2 (the fundamental theorem of calculus), Theorem 6.4.3
(integration by parts), and Theorem 6.4.6 (u-substitution).
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